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We develop exact, simple closed form expressions for partition functions associated with relativis-
tic bosons and fermions in odd spatial dimensions. These expressions, valid at high temperature,
include the effects of a non-trivial Polyakov loop and generalize well-known high temperature ex-
pansions. The key technical point is the proof of a set of Bessel function identities which resum low
temperature expansions into high temperature expansions. The complete expressions for these parti-
tion functions can be used to obtain one-loop finite temperature contributions to effective potentials,
and thus free energies and pressures.
I. INTRODUCTION
The applications of nite temperature eld theory are numerous and diverse [1{3] For many applications, a high-
temperature expansion of one-loop contributions to thermodynamic functions is necessary. A typical one-loop con-











where the relativistic energy !k is given by
p
k2 +M2. In many cases, the mass M is a function of other quantities,
most notably vacuum expectation values of elds. When the total eective potential attains its minimum, V may be
identied as a contribution to the total free energy, and −V as a contribution to the pressure. A more general case
is obtained when there is a non-trivial, but spatially uniform, Polyakov loop as well as a non-zero chemical potential
.In this case we have














1− e−βωk−iθ−βµ . (2)
Note that he eect of a non-trivial Polyakov loop is to add a phase factor exp (i) to exp (−!). We will evaluate
VB for arbitrary . In principle, the eect of  can be included by a careful analytic continuation  ! − i, but we
do not consider it here. We will develop a high temperature expansion for VB (), valid for d odd, as well as a similar
expression for the corresponding fermionic quantity VF (). This derivation is simple and exact, and generalizes the
results of Dolan and Jackiw [4]. Before beginning the derivation, we give some examples of its application.
As a rst example, consider a scalar boson in the fundamental representation of an SU(N) gauge group. The
Polyakov loop is an N N unitary matrix given in general by





d A0 (−!x ; )
#
(3)
where T on the right-hand side indicates Euclidean time ordering. Here we assume that the Polyakov loop can be
made spatially uniform by an appropriate choice of gauge. A global unitary transformation then puts P into the
diagonal form
Pjk = jk exp (ij) (4)
and the partition function is X
j
VB (j) . (5)
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Now consider the case of the gauge bosons themselves, which lie in the adjoint representation of the gauge group.
The Polyakov loop in the adjoint representation is an
(
N2 − 1  (N2 − 1 matrix. The partition function for the








jk)VB (j − k) (6)
where the jk removes a singlet contribution, and the factor of 1=2 corrects for overcounting since VB has both a
particle and antiparticle contribution. The factor s accounts for spin degeneracy; in 3 + 1 dimensions s = 2, a
consequence of the two possible polarization states of gauge bosons .
The evaluation of fermionic partition functions can be reduced to the general bosonic problem. A typical fermionic
contribution of particle and antiparticle has the form


















which is easily written as
VF () = −VB ( + ) . (8)




VF (j) = −s
X
j
VB ( + j) (9)
where the factor s again accounts for spin degeneracy.
In section 2, we review the derivation of low temperature expansions for VB () and VF (). Section 3 derives the
Bessel function identities which convert these low temperature expansions to high temperature expansions. Section 4
applies these identities to the case of three spatial dimensions. A nal section gives brief conclusions. There are two
appendices.
II. LOW TEMPERATURE EXPANSION IN D DIMENSIONS
A low-temperature expansion for VB () can be generated for arbitrary spatial dimension d by expanding the
logarithm and integrating term by term, rst over the surface of a d-dimensional sphere, and then over a radial degree
























K(d+1)/2 (nM) cos (n) (11)
which is derived in detail in Appendix I. Each term in the series represents the contribution of n particles or antipar-
ticles, with a corresponding phase factor of exp (in). If the one-loop nite temperature functional determinant is
represented as a functional integral over a space-time variable xµ, the phase factors are associated with paths which
wind non-trivially in the Euclidean time direction.








K(d+1)/2 (nM) cos (n) . (12)
In a path integral representation, the factors of (−1)n are a consequence of fermionic antiperiodic boundary conditions.
We next derive a set of identities which resum these series for d odd.
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III. BESSEL FUNCTION IDENTITIES





Kp (nr) cos (n) (13)





























is used to indicate that singular terms, here the 1= jlj term, are omitted when l = 0.
Using the recursion formula
d
dz
Kν(z) = −Kν−1(z)− 
z
Kν(z), (15)
















































































which is valid for 0   < 2. The right hand side of Eq. (20) is a rescaling of the second Bernoulli polynomial; it
can be extended to all real values if  is replaced by mod2 on the right hand side of the equation. This implies the

































































where we have introduced the notation + to represent mod2. When discussing fermions, we will also use − to
similarly represent an angle chosen to lie between − and . Note that the last part of this expression is automatically
periodic due to the sum over l.
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− 2lj3 − 1
2























Formulas appropriate for d = 5; 7; :: can also be derived in the same manner.
IV. HIGH-TEMPERATURE EXPANSIONS FOR D = 3
We now can write complete expressions for VB () and VF () in three spatial dimensions:

















































j − 2lj3 − 1
2

















Parts of this complete expression have been known for some time. For  = 0, the leading behavior is






















an expression rst derived by Dolan and Jackiw [4]. The leading T 4 behavior for  6= 0 was rst derived by Gross,
Pisarski and Yae and Weiss for SU(N) gauge bosons [8{10].
Each of the four terms deserves comment. The rst is the blackbody free energy for two degrees of freedom, and
depends only on the temperature and the angle . The second term, which is the leading correction due to the mass
M , often appears in discussions of symmetry restoration at high temperatures with  = 0. For example, suppose we
are calculating the eective potential for a complex scalar eld . The mass M2 is given by the second derivative
of the classical potential, @2U=@@, and depends on the expectation value of the eld . If U has the form
U = −m2+ ()2, then M2 = −m2 +4. For m2 > 0, the U(1) symmetry is spontaneously broken at low
temperature. At high temperature, the M2=122 term generates a positive mass for the  eld of order T , restoring
the symmetry. The third term in VB () is linear in T , and non-analytic in M2 for  = 0. It is closely associated
with the n = 0 Matsubara mode, which is the most infrared singular contribution to a nite temperature functional
determinant. This term is responsible for non-analytic behavior in nite temperature perturbation theory via the
summation of ring diagrams. For example, in a scalar theory it gives rise to the 3/2 contribution to the free energy;
in QED, the contribution is e3 [1] Note how subtractions occur in the l 6= 0 parts of this term to keep these parts
subleading. The last term is logarithmic in the dimensionless combination M and independent of . In calculations
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of eective potentials, it typically combines with zero-temperature logarithms in such a way that the temperature T
sets the scale of running coupling constants at high T .
From the basic result for VB, we can build other results. Consider a complex scalar eld in the fundamental







































































where we assume all ’s are chosen to lie between 0 and 2 in accordance with the convention for +. A similar
expression holds for bosons in the adjoint representation.







































j − (2l− 1)j3 − 1
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with − now used. For fermions in the fundamental representation of SU(N), we may write




















































where the angles j must now be chosen to lie between − and .
V. CONCLUSIONS
We have provided complete, simple expressions for VB () and VF () which generalize previously known expressions.
Not only are the expressions simple, their derivation is direct and relatively elementary. We have already found
applications for these results, rst in a study of the Saviddy model at nite temperature, and also in a phenomenological
treatment of the quark-gluon plasma equation of state.
As a practical matter, it is natural to ask how accurate both the low- and high-temperature expansions are. The
low temperature expansion for VB () is an innite series in n; using the rst 10 terms in the series gives an accuracy
better than 1 part in 103 over the entire range 0 to 2 for temperatures T  0:25M . The high temperature expansion
also involves an innite series, in the the parameter l. In comparison, the high temperature expansion is within 5%
of the exact answer for all values of  at T = 0:5M when terms up to jlj = 10 are included. The accuracy improves
substantially as T increases. Both expansions are more accurate when restricted to  = 0.
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APPENDIX A: DERIVATION OF LOW TEMPERATURE EXPANSIONS


























e−nβωk cos (n) . (A1)
The standard substitution k = M sinh(t) gives























































































































APPENDIX B: PROOF OF A BESSEL FUNCTION IDENTITY



































































k2x + k2y +m2
eikxr+imφ (B3)








k2x + k2y +m2 + 2
eikxr+imφ (B4)
























k2x + k2y + k2z + 2




k2x + k2y + 2
eikxr (B5)
Using the Poisson summation technique in the form
P
m  (kz −m) =
P














k2x + k2y + 2
eikxr (B6)



































and both terms appear to be problematic as ! 0. The rst term can be made nite in this limit by subtracting the
contribution at r =  = 0 for n 6= 0. Using the notation Pn ′ to denote a summation over all n with the omission of
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